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Abstract
In this paper, we study the nonlinear parabolic problem with p(x)-
growth conditions in the space W 1,xLp(x)(Q), and give a regularity theo-
rem of weak solutions for the following equation
∂u
∂t
+ A(u) = 0
where A(u) = −diva(x, t, u,∇u) + a0(x, t, u,∇u), a(x, t, u,∇u) and
a0(x, t, u,∇u) satisfy p(x)-growth conditions with respect to u and ∇u.
Keywords: nonlinear parabolic problem, regularity, W 1,xLp(x)(Q) space,
p(x)-growth condition.
Mathematics Subject Classification: 35K15, 35K20.
1 Introduction
In recent years, the research of variational problems with nonstandard growth
conditions is an interesting topic. p(x)-growth problems can be regarded as a
kind of nonstandard growth problems and they appear in nonlinear elastic,
electrorheological fluids and other physics phenomena. Many results have been
obtained on this kind of problems, for examples [1-9].
In this paper, we will qualitatively study the properties of weak solutions.
For more information about qualitative analysis, we refer to [10-11]. Let Q
be Ω × (0, T ) where T > 0 is given. In [8], the authors studied the following
equation in the space W
1,p(x,t)
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where max{1; 2N
N+2} < p1 = inf(x,t)∈Q
p(x, t) ≤ p(x, t) ≤ sup
(x,t)∈Q
p(x, t) = p2 < ∞,
p(x, t) is dependent on the space variable x and the time variable t, and satisfies
the following Logarithmic Ho¨lder condition
|p(x, t) − p(y, s)| ≤
C1
− ln(|x− y|+ C2|t− s|p2)
for all (x, t), (y, s) ∈ Q, |x− y| < 12 , |t− s| <
1
2 , where C1, C1 > 0 are constants.
The authors proved the Ho¨lder continuity of the local weak solution with the




+A(u) = 0, in Q, (1.1)
u(x, t) = 0, on ∂Ω× (0, T ), (1.2)
u(x, 0) = ψ(x), in Ω, (1.3)
where ψ(x) is a given function in L2(Ω) and A :W 1,x0 L
p(x)(Q)→W−1,xLq(x)(Q)
is an elliptic operator of the form A(u) = −diva(x, t, u,∇u)+a0(x, t, u,∇u) with
the coefficients a and a0 satisfying the classical Leray-Lions conditions. In [12-
13] we have proved the existence and the local boundedness of the solutions
of (1.1)-(1.3) and have obtained u ∈ W 1,xLp(x)(Q) ∩ L∞(0, T ;L2(Ω)). In this
paper we will give the regularity theorem of the weak solutions in the framework
space W 1,xLp(x)(Q), which can be considered as a special case of the space
W 1,p(x,t)(Q).
The spaceW 1,xLp(x)(Q) provides a suitable framework to discuss some phys-
ical problems. In [14], the authors studied a functional with variable exponent,
1 ≤ p(x) ≤ 2, which provided a model for image denoising, enhancement, and
restoration. Because in [14] the direction and speed of diffusion at each location
depended on the local behavior, p(x) only depended on the location x in the
image. Consider that the space W 1,xLp(x)(Q) was introduced and discussed in
[12] and [15], we think that the space W 1,xLp(x)(Q) is a reasonable framework
to discuss the p(x)-growth problem (1.1)-(1.3), where p(x) only depends on the
space variable x similar to [14].
In this paper, let a : Q × R × RN → RN and a0 : Q × R × R
N → R be
the operators such that for any s ∈ R and ξ ∈ RN , a(x, t, s, ξ) and a0(x, t, s, ξ)
are both continuous in (t, s, ξ) for a.e. x ∈ Ω and measurable in x for all
(t, s, ξ) ∈ (0, T )×R× Rn. They also satisfy that for a.e. (x, t) ∈ Q, any s ∈ R
and ξ 6= ξ∗ ∈ RN :
|a(x, t, s, ξ)| ≤ α(|s|p(x)−1 + |ξ|p(x)−1), (1.4)
|a0(x, t, s, ξ)| ≤ α(|s|
p(x)−1 + |ξ|p(x)−1), (1.5)
[a(x, t, s, ξ) − a(x, t, s, ξ∗)](ξ − ξ∗) > 0, (1.6)
a(x, t, s, ξ)ξ ≥ β(|ξ|p(x) + |s|p(x)), (1.7)
a0(x, t, s, ξ)s ≥ β(|ξ|
p(x) + |s|p(x)), (1.8)
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where α, β > 0 are constants.
Throughout this paper, unless special statement, we always suppose that
p(x) is Lipschitz continuous on Ω, and satisfies
1 < p− = inf
Ω
p(x) ≤ p(x) ≤ sup
Ω
p(x) = p+ <∞. (1.9)





ρ ) ≤ C, ∀Qρ ⊂ Q, (1.10)
where Qρ = Kρ × (−ρ
p+ρ , 0), 0 < ρ < 1, Kρ = {x ∈ Ω| max
1≤i≤N





p(x), p−ρ = inf
Kρ
p(x).
Definition 1.1 A function u ∈ W 1,xLp(x)(Q) ∩ L∞(0, T ;L2(Ω)) is called a














[a(x, t, u,∇u)∇ϕ+ a0(x, t, u,∇u)ϕ]dxdt = 0
for all ϕ ∈ C1(0, T ;C∞0 (Ω)).
Definition 1.2 The functions un ∈ C(0, T ;C
∞
0 (Ω)) are called the Galerkin







a(x, τ, un,∇un)ϕdxdτ +
∫
Qt
a0(x, τ, un,∇un)ϕdxdτ = 0
(1.11)
for all ϕ ∈ C1(0, T ;C∞0 (Ω)) and Q
t = Ω× (0, t), t ∈ (0, T ].
We will prove the following regularity theorem:
Theorem 1 Let p− > 2 . If u ∈ W 1,xLp(x)(Q) ∩ L∞(0, T ;L2(Ω)) is a local
weak solution of (1.1)-(1.3), then u is local Ho¨lder continuous in Q.
2 Preliminaries
We first recall some facts on spaces Lp(x)(Ω), Wm,p(x)(Ω), Wm,xLp(x)(Q)
and parabolic space. For the details see [15-18].
Although we assume (1.9) holds in this paper, in this section we introduce
the general spaces Lp(x)(Ω), Wm,p(x)(Ω) and Wm,xLp(x)(Q).
Denote
E = {ω : ω is a measurable function on Ω},
where Ω ⊂ RN is an open subset.
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Let p(x) : Ω → [1,∞] be an element in E. Denote Ω∞ = {x ∈ Ω : p(x) =







The space Lp(x)(Ω) is
Lp(x)(Ω) = {u ∈ E : ∃λ > 0, ρ(λu) <∞}
endowed with the norm




We define the conjugate function q(x) of p(x) by
q(x) =

∞, if p(x) = 1;
1, if p(x) =∞;
p(x)
p(x)−1 , if 1 < p(x) <∞.
Lemma 2.1 (see [18]) (1) The dual space of Lp(x)(Ω) is Lq(x)(Ω), if 1 ≤
p(x) <∞.
(2)The space Lp(x)(Ω) is reflexive if and only if (1.9) is satisfied.
Lemma 2.2 (see [18]) If 1 ≤ p(x) < ∞, C∞0 (Ω) is dense in the space
Lp(x)(Ω) and Lp(x)(Ω) is separable.
Lemma 2.3 (see [18]) Let 1 ≤ p(x) ≤ ∞, for every u(x) ∈ Lp(x)(Ω) and
v(x) ∈ Lq(x)(Ω), we have∫
Ω
|u(x)v(x)|dx ≤ C‖u(x)‖Lp(x)(Ω)‖v(x)‖Lq(x)(Ω),
where C is only dependent on p(x) and Ω, not dependent on u(x), v(x).
Next let m > 0 be an integer. For each α = (α1, α2, · · · , αn), αi are nonneg-
ative integers and |α| = Σni=1αi, and denote by D
α the distributional derivative
of order α with respect to the variable x.
We now introduce the generalized Lebesgue-Sobolev spaceWm,p(x)(Ω) which
is defined as
Wm,p(x)(Ω) = {u ∈ Lp(x)(Ω) : Dαu ∈ Lp(x)(Ω), |α| ≤ m}.







0 (Ω) is defined as the closure of C
∞
0 (Ω) in W
m,p(x)(Ω).
The dual space (W
m,p(x)
0 (Ω))
∗ is denoted by W−m,q(x)(Ω) equipped with the
norm
‖f‖W−m,q(x)(Ω) = inf Σ|α|≤m‖fα‖Lq(x)(Ω),
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where infimum is taken on all possible decompositions
f = Σ|α|≤m(−1)
|α|Dαfα, fα ∈ L
q(x)(Ω).
Lemma 2.4(see [18]) (1) Wm,p(x)(Ω) and W
m,p(x)
0 (Ω) are separable if 1 ≤
p(x) <∞.
(2) Wm,p(x)(Ω) and W
m,p(x)
0 (Ω) are reflexive if (1.9) holds.
We define the space Wm,xLp(x)(Q) as the following:
Wm,xLp(x)(Q) = {u ∈ Lp(x)(Q) : Dαu ∈ Lp(x)(Q), |α| ≤ m}.




where p(x) is independent of t.
The spaceWm,x0 L
p(x)(Q) is defined as the closure of C∞0 (Q) inW
m,xLp(x)(Q)
andWm,x0 L
p(x)(Q) ↪→ Lp(x)(Q) is continuous embedding. Let M¯ be the number
of multiindexes α which satisfies 0 ≤ |α| ≤ m, then the space Wm,x0 L
p(x)(Q)
can be considered as a close subspace of the product space ΠM¯i=1L
p(x)(Q). So
if 1 < p(x) < ∞, ΠM¯i=1L
p(x)(Q) is reflexive and further we can get that the
space Wm,x0 L
p(x)(Q) is reflexive. The dual space (Wm,x0 L
p(x)(Q))∗ is denoted








| < f, u > | = inf Σ|α|≤m‖fα‖Lq(x)(Q),
where infimum is taken on all possible decompositions
f = Σ|α|≤m(−1)
|α|Dαxfα, fα ∈ L
q(x)(Q).
Next, we will introduce the parabolic space and some results in [16]:
Definition 2.5 Let p, r ≥ 1. A function f defined in Q belongs to the space












Definition 2.6 Let p, r ≥ 1. We define the function spaces
V r,p(Q) = L∞(0, T ;Lr(Ω)) ∩ Lp(0, T ;W 1,p(Ω)),
V
r,p
0 (Q) = L
∞(0, T ;Lr(Ω)) ∩ Lp(0, T ;W 1,p0 (Ω)),
which are both equipped with the norm
‖v‖V r,p(Q) = ess sup
0<t<T
‖v(x, t)‖Lr(Ω) + ‖∇v‖Lp(Q).
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Lemma 2.7 let {Yn}, n = 0, 1, 2, · · · , be a sequence of positive numbers, sat-
isfying the inequalities Yn+1 ≤ Cb
nY 1+αn , where C, b > 1 and α > 0 are given




α2 , then {Yn} converges to 0 as n→∞.
Lemma 2.8 Let r > 1, there exists a constant C depending only on N, r, such
that for every v ∈ L∞(0, T ;Lr(Ω)) ∩ Lr(0, T ;W 1,r0 (Ω)),
‖v‖rLr(Q) ≤ C||v| > 0|
r
r+N ‖v‖rV r,r(Q)
where ||v| > 0| = meas{(x, t) : |v| > 0} .
Lemma 2.9 Let v ∈ W 1,1(Kρ(x0)) ∩ C(Kρ(x0)) for some ρ > 0 and some
x0 ∈ R
N , and let k and h be any pair of real numbers such that k < h, then
there exists a constant C depending only upon N , such that






where A(k) = {x ∈ Kρ(x0) : v(x) > k}, |A(k)| = measA(k).








u(x, τ)dτ, t ∈ (0, T − h],
0, t > T − h.
Lemma 2.10 Let u ∈ Lr(0, T ;Lp(Ω)), then as h → 0, uh → u in L
r(0, T −
ε;Lp(Ω)) for every ε ∈ (0, T ). If u ∈ C(0, T ;L2(Ω)), then as h→ 0, uh → u in
L2(Ω) for every t ∈ (0, T − ε).
Similarly, we can get the following lemma in variable exponent space.
Lemma 2.11 If u ∈ Lp(x)(Q), then as h→ 0, uh → u in L
p(x)(Q).
Proof: Because p(x) is bounded and independent of t. We only need to notice
that there exist uk ∈ C
1
0 (Q) such that uk → u in L
p(x)(Q), and by the uniform
continuity of uk, we can conclude the lemma.2
3 Regularity of Weak Solutions
In [12-13] , we have obtained that for the Galerkin solution un ∈ C
1(0, T ;C∞0 (Ω)),
un → u strongly in L




a(x, t, un,∇un)⇀ a(x, t, u,∇u) and a0(x, t, un,∇un)⇀ a0(x, t, u,
∇u) weakly in Lq(x)(Q), un → u a.e. in Q and ∇un → ∇u a.e. in Q.
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As a(x, t, un,∇un)⇀ a(x, t, u,∇u) weakly in L
q(x)(Q) and a0(x, t, un,∇un)⇀














a(x, τ, u,∇u)ϕ+ a0(x, τ, u,∇u)ϕdxdτ,
then (1.11) can be written as∫
Ω













a0(x, τ, u,∇u)ϕdxdτ = 0. (3.1)







[a(x, τ, u,∇u)]hϕdxdτ +
∫
Qt
[a0(x, τ, u,∇u)]hϕdxdτ = 0,
(3.2)
where ϕ ∈ C∞0 (Ω).
Lemma 3.1 If u is a weak solution of (1.1)-(1.3), then u ∈ C(0, T ;L2(Ω)).
Proof: Because un ⇀ u weakly in W
1,x
0 L
p(x)(Q), there exists convex combi-




vn(x, 0) → ψ(x) strongly in L





(un − vm)dxdτ +
∫
Qt




a0(x, τ, un,∇un)(un − vm)dxdτ = 0,











a(x, τ, u,∇u)∇(u− vm)dxdτ +
∫
Qt
a0(x, τ, u,∇u)∇(u− vm)dxdτ








(vm − un)dxdτ ≤ ε(m)








(un − vm)dxdτ ≤ ε(m),








therefore, for k > m, we get
max
0<t<T




(‖vk − un‖+ ‖un − vm‖)] ≤ ε(k) + ε(m),
namely {vn} is a Cauchy sequence in C(0, T ;L
2(Ω)), so we get the result.2
Next, we will prove the main theorem.
By [13], we know that there exists a constantM > 0, such that ‖u‖L∞
loc
(Q) ≤
M . Fix a point (x0, t0) in Q, let ρ ∈ (0, 1) be small enough such that
Q(ρp
+
ρ −ε, 2ρ) = K2ρ(x0)× (t0 − ρ
p+ρ −ε, t0) ⊂ Q,
where K2ρ(x0) = {x ∈ Ω| max
1≤i≤N




















u = µ+ − µ−.
Consider the cylinder Q(aρp
+






ρ −2, where A > 2 is a constant to






ρ −2 > ρε, (3.3)
where ε ∈ (0, 1) will be determined later. This implies the inclusion
Q(aρp
+













ρ −2 . Take C = A, then the first iterative of
proposition 3.4 is hold, so the proposition 3.4 is right. therefore we also assume
that (3.3) is hold in the following proof.
Let [(0, t∗) + Q(lρp
+
ρ , ρ)] = {x ∈ Ω| max
1≤i≤N
|xi| < ρ} × [t
∗ − lρp
+




p−ρ −2. For [(0, t∗)+Q(lρp
+
ρ , ρ)] ⊂ Q(aρp
+









t∗ < 0. We assume (x0, t0) = (0, 0) and define (u − k)± = max{±(u− k), 0}.
Lemma 3.2 There exists a number σ ∈ (0, 1) independent of ω, ρ such that if
(3.3) and
|(x, t) ∈ [(0, t∗) +Q(lρp
+





ρ , ρ)| (3.4)
hold, then u > µ− + ω4 , a.e.(x, t) ∈ [(0, t
∗) +Q(l(ρ2 )
p+ρ , ρ2 )].
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2m+1 , km = µ
− + ω4 +
ω
2m+2 , Qρm = Kρm × (−lρ
p+ρ
m , 0),m = 0, 1, 2.... We
choose smooth cutoff function ηm = ξ1(x)ξ2(t), where 0 ≤ ξ1 ≤ 1, 0 ≤ ξ2 ≤ 1
and




ξ2 = 1, if t ≥ −lρ
p+ρ
m+1; ξ2 = 0, if t ≤ −lρ
p+ρ















Take ϕ = −(un − km)−η
p+ρ















a0(x, τ, un,∇un)[−(un − km)−η
p+ρ
m ]dxdτ = 0,
where Qtm = Kρm × (−lρ
p+ρ
m , t), t ∈ (−lρ
p+ρ
m , 0).



























































Since un → u in L
2(Q) and u ∈ C(0, T ;L2(Ω)), un → u in L
2(Ω) for ∀t ∈ (0, T ),








































Since ∇(un− km)− → ∇(u− km)− and a(x, t, un,∇un)→ a(x, t, u,∇u) a.e.
in Qtm, by Fatou lemma,











a(x, τ, u,∇u)[−∇(u− km)−η
p+ρ
m ]dxdτ.
By the fact that un → u strongly in L
p(x)(Q), a(x, t, un,∇un) ⇀ a(x, t, u,∇u)


























a0(x, τ, u,∇u)[−(u− km)−η
p+ρ
m ]dxdτ.





a(x, τ, un,∇un)∇ϕdxdτ +
∫
Qtm





























































where Am = {(x, t) ∈ Qρm : u(x, t) < km}, C = C(M,p
+).
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where C = C(M,p+).


































































Next, we introduce the change of time-variable z = l−1t which transforms
Qρm into Q˜ρm = Kρm × (−ρ
p+ρ
m , 0). Setting also v(x, t) = u(x, zl), η˜m(x, z) =














































p−ρ |A˜m+1| = |km − km+1|
p−ρ |A˜m+1|















































, then by (1.10) we obtain














































just satisfies the condition of this lemma, i.e.
Y0 =
|{(x, t) ∈ Q(lρp
+





By the fact that ρm ↘
ρ
2 , km ↘ µ
− + ω4 and |Am| → 0, we can get












therefore u > µ− + ω4 , a.e. (x, t) ∈ Q(l(
ρ
2 )
p+ρ , ρ2 ).
Let θ = l(ρ2 )
p+ρ , by lemma 3.2 and u ∈ C(0, T ;L2(Ω)), we obtain u(x,−θ) >
µ− + ω4 a.e. x ∈ K ρ2 .2
Lemma 3.3 Let (3.3)-(3.4) hold, then for every number σ1 ∈ (0, 1), there
exists a positive integer s such that
|x ∈ K ρ
4
: u(x, t) < µ− +
ω
2s
| ≤ σ1|K ρ
4
|, ∀t ∈ (−θ, 0).
Proof: Set ρ∗ = 2−1ρ, we will consider the problem in Q(θ, ρ∗) = Kρ∗ × (−θ, 0).
Let k = µ− + ω4 , H
−
k = ess sup
Q(θ,ρ∗)




4 . Then we take
Ψ(u) = max{0, ln
H−k




H−k − (u − k)− + ω2
−(m+2)
.
By lemma 3.2, we know u(x,−θ) > µ−+ ω4 a.e. x ∈ Kρ∗ , so (u−k)− = 0 a.e. in





















, u < k − ω2−(m+2),
0, u ≥ k − ω2−(m+2),
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ρ |d=uh as the testing function in (3.2), where η is the
cutoff function independent of t and satisfies 0 < η < 1 in Kρ∗ , η = 1 in K2−1ρ∗ ,



























ρ |d=uhdxdτ = 0, (3.6)































|uh − u|, and
uh → u in L
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Next, we consider the problem on the set {(x, t) ∈ Kρ∗ × (−θ, 0) : u(x, t) <




. When h → 0, uh → u and (uh −
k)− → (u − k)− a.e. in (x, t) ∈ Q(θ, ρ
∗), so (1 + Ψ(uh))Ψ
′(uh)
2 → (1 +
Ψ(u))Ψ′(u)2 a.e. in (x, t) ∈ Q(θ, ρ∗). Since
|(1 + Ψ(uh))Ψ
′(uh)






and by Lebesgue’s theorem, we get
(1 + Ψ(uh))Ψ
′(uh)
2∇u→ (1 + Ψ(u))Ψ′(u)2∇u
in Lp(x)(Qt(θ, ρ∗)) for a.e. t ∈ (−θ, 0). Because [a(x, t, u,∇u)]h → a(x, t, u,∇u)
in Lp(x)(Qt(θ, ρ∗)),∫
Qt(θ,ρ∗)








a(x, τ, u,∇u)∇u(1 + Ψ(u))Ψ′(u)2ηp
+
ρ dxdτ.
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I ≥ (2β − 4αp+ε)
∫
Qt(θ,ρ∗)(|∇u|



































By Ψ(u) ≤ m ln 2, |Ψ′(u)|−1 ≤ ω2 , |∇η| ≤
4
ρ
, |Ψ′(u)| ≤ 2
m+2
ω




ρ dx ≤ Cm|Kρ∗ |. (3.13)
∀t ∈ (−θ, 0), for such a set {(x, t) ∈ K2ρ∗ : u(x, t) < µ









































= [(m− 1) ln 2]2.
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Because η = 1 in K ρ∗
2
, by (3.13)
|x ∈ K ρ∗
2









where C = C(M,p+). To prove the lemma we have only to choosem sufficiently
large and s = m+ 2.2
Lemma 3.4 Let (3.3)-(3.4) hold, then there exist σ1 ∈ (0, 1) and an integer
s > 1 independent of ω and ρ, so that u(x, t) > µ−+ ω2s+1 , a.e. (x, t) ∈ Q(θ,
ρ∗
4 ).




2m+2 , km = µ
− + ω2s+1 +
ω
2s+m+1 , m = 0, 1, 2, ..., and
s > 1 is to be chosen later. By lemma 3.2, for a.e. x ∈ Kρ∗m we have u(x,−θ) >
µ−+ ω4 ≥ km, thus (u−km)−(x,−θ) = 0. Let ηm(x) be a smooth cutoff function
in Kρ∗m satisfying ηm ≡ 1 in Kρ∗m+1 , |∇ηm| ≤
2m+4
ρ
, and ηm = 0 outside Kρ∗m .
We take ϕ = −(un− km)−η
p+ρ





































χ[(u− km)− > 0]dxdt.
(3.14)











































χ[(u − km)− > 0]η
p+ρ
m dxdt,
where s is chosen so large as to satisfy the conclusion of lemma 3.3.





























χ[(u− km)− > 0]dxdt.
We introduce the change of variable z = t(ρ∗)p
+
ρ θ−1, which maps Q(θ, ρ∗m)
into Qm = Kρ∗m × (−(ρ
∗)p
+
ρ , 0). Let v(x, t) = u(x, θz(ρ∗)−p
+
ρ ), η˜m(x, z) =




































































p−ρ |Am+1| = |km − km+1|
p−ρ |Am+1|






































We take A > 2s, by (3.3), we get ( ω2s )
p−ρ −2 ≥ ρε ≥ ρp
−
































|{(x, t) ∈ Q(θ, ρ
∗
2 ) : u(x, t) < µ














Then by lemma 2.6 it follows that Zm → 0 as m→∞. So we can get
u(x, t) > µ− +
ω
2s+1




Proposition 3.1 There exist σ ∈ (0, 1), ν1 ∈ (0, 1) and A1  1 independent
of ω and ρ, such that if for some cylinder of the type [(0, t∗) +Q(lρp
+
ρ , ρ)],
|(x, t) ∈ [(0, t∗) +Q(lρp
+





















u ≤ ν1ω. (3.18)
Proof: Assume (3.17) is violated. By lemma 3.4, we can determine a positive












ρ , ρ8 )











therefore the proposition follows with ν1 = (1 −
1
2s+1 ), since Q(l(
ρ
8 )
p+ρ , ρ8 ) ⊂
Q(θ, ρ8 ).2
Next assume that the condition of proposition 3.1 is violated, i.e. for every
cylinder [(0, t∗) +Q(lρp
+
ρ , ρ)] ⊂ Q(aρp
+







|(x, t) ∈ [(0, t∗) +Q(lρp
+






Since µ− + ω2 ≤ µ
+ − ω2 , we can get
|(x, t) ∈ [(0, t∗) +Q(lρp
+
ρ , ρ)] : u > µ+ −
ω
2
| ≤ (1 − σ)|Q(lρp
+
ρ , ρ)|. (3.20)
Lemma 3.5 Let (3.20) hold, then there exists a t¯ ∈ [t∗− lρp
+
ρ , t∗− σ2 lρ
p+ρ ] such
that








Proof: If not, for all t ∈ [t∗ − lρp
+
ρ , t∗ − σ2 lρ
p+ρ ],









|(x, t) ∈ [(0, t∗) +Q(lρp
+




|{x ∈ Kρ : u(x, t) > µ
+ − ω2 }|dt
> (1− σ2 )lρ
p+ρ (1− σ)(1 − σ2 )
−1|Kρ| = (1− σ)|Q(lρ
p+ρ , ρ)|,
contradicting (3.20).2
Lemma 3.6 Let (3.20) hold, then there exists a positive integer s¯ > 2, such
that




}| ≤ (1− (
σ
2
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Proof: Let k = µ+ − ω2 , Qρ = Kρ × (t¯, t





ρ |d=uh as the testing function in (3.2), where the cutoff function
η independent of t is taken so that η ≡ 1 in the cube K(1−α)ρ, α ∈ (0, 1), and
|∇η| ≤ 1
αρ
, 0 < α < 1. We take H+k = ess sup
[(0,t∗)+Q(θ,ρ∗)]
(u− k)+, and consider
Ψ(u) = max{0, ln
H+k


























where |t∗ − t¯| ≤ lρp
+
ρ , l = (ω2 )
2−p−ρ , C = C(M,p+).
When u(x, t¯) > k + ω2m+1 > µ
+ − ω2 , Ψ


























∀t ∈ (t¯, t∗), in {x ∈ K(1−α)ρ : u(x, t) > µ










= (m− 1)2 ln2 2,
so ∀t ∈ (t¯, t∗),










On the other hand, ∀t ∈ (t¯, t∗),
|x ∈ Kρ : u(x, t) > µ
+ − ω2−(m+2)| ≤ |x ∈ K(1−α)ρ : u(x, t) > µ
+ − ω2−(m+1)|
+|Kρ \K(1−α)ρ| ≤ |x ∈ K(1−α)ρ : u(x, t) > µ
+ − ω2−(m+1)|+ αN |Kρ|,
so ∀t ∈ (t¯, t∗),
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Choose α so small and thenm so large that C( m
m−1 )








2 and CαN ≤ 38σ
2. Then for such a choice of m the lemma follows with
s¯ = m+ 1.2
Since (3.20) holds for all [(0, t∗) + Q(lρp
+
ρ , ρ)], the conclusion of lemma 3.6
holds for all time levels satisfying t ≥ −(a − l)ρp
+











ρ −2 > 12 , we deduce
the following corollary.
Corollary 3.1 Let (3.20) hold, then for all t ∈ (−a2ρ
p+ρ , 0),
|{x ∈ Kρ : u(x, t) > µ




Lemma 3.7 Let (3.20) hold, then for every σ¯ ∈ (0, 1), there exists positive
integer s∗ > s¯, such that












Proof: Consider the problem in Q(aρp
+
ρ , 2ρ). Let k = µ+− ω2s , where s¯ ≤ s ≤ s
∗.
Take ϕ = (un − k)+ζ
p+ρ as the testing function in (1.9), where ζ is a cutoff
function that equals one on Q(a2ρ
p+ρ , ρ), vanishes on the parabolic boundary of
Q(aρp
+
ρ , 2ρ) and such that |∇ζ| ≤ 1
ρ






















where C = C(p+) and














By corollary 3.1, ∀t ∈ (−a2ρ
p+ρ , 0),








In lemma 2.8, take k = µ+ − ω2s , h = µ
+ − ω2s+1 , then ∀t ∈ [−
a
2ρ
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Take A > 2s, there exists C = C(M,p+, p−) such that (ω2 )
p+ρ −p
−




ρ hold. Integrating on (−aρp
+
ρ , 0), from (3.22) we get
( ω2s )
−p−ρ ω





























































ρ −1 |As \As+1|, (3.24)
for all s¯ ≤ s ≤ s∗. We add them for s = s¯, s¯+ 1, s¯+ 2, ..., s∗ − 1, then



















After taking s∗ so large that C(s∗ − s¯)
1−p−
p− ≤ σ2σ¯, we conclude the lemma.2
Lemma 3.8 Let (3.20) hold, then there exists σ¯ ∈ (0, 1) so that





















ρ −2, A = 2s
∗
.
Proof: We will consider the problem over the boxes Q(a2ρ
p+ρ










. ζm is a cutoff function with








m+1, ρm+1), ζm ≡ 0 on the
parabolic boundary of Q(a2ρ
p+ρ
m , ρm), |∇ζm| ≤
2m+2
ρ











































































χ[(u − km)+ > 0]dxdt.
(3.25)
























































































χ[(u − km)+ > 0]dxdt.
Next, we introduce the change of time-variable z = 2l−1t which transforms
Q(2−1aρ
p+ρ
m , ρm) into Qm = Kρm × (−ρ
p+ρ
m , 0). Setting v(x, t) = u(x, 2−1az),
ζ˜m(x, z) = ζm(x, 2


















































ρ |Am+1| = |km − km+1|
p−ρ |Am+1|





































Take A = 2s
∗

























Thus as m→∞, ∫
Qm
χ[(v − km)+ > 0]dxdz → 0,
i.e. u(x, t) ≤ µ+ − ω
2s∗+1
a.e. in Q(a2 (
ρ
2 )
p+ρ , ρ2 ).2
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Proposition 3.2 There exist σ ∈ (0, 1), ν2 ∈ (0, 1) and A2  1 independent
of ω and ρ, such that if for all cylinders of the type [(0, t∗) +Q(lρp
+
ρ , ρ)],
|(x, t) ∈ [(0, t∗) +Q(lρp
+
ρ , ρ)] : u > µ+ −
ω
2



















u ≤ ν2ω. (3.28)
Proof: Assume (3.27) is violated. By lemma 3.8, we can determine a positive




























therefore (3.28) holds with ν2 = (1−
1
2s∗+1
). We get the conclusion.2
Combine proposition 1 and proposition 2, we can get
Proposition 3.3 There exist ν = max{ν1, ν2} and A¯ = {A1, A2}, such that








ρ , ρ8 )
u ≤ νω, where ν1, ν2, A1, A2 are determined
by proposition 1 and proposition 2.













































where ρ1 = C











p+ρ , ρ1) ⊂ Q(l(
ρ
8 )
p+ρ , ρ8 ).










ρ −2 > 8p
+
ρ (ω2 )
p−ρ −2 > ρε. So for
Q(a1(ρ1)
p+ρ , ρ1), repeating the process above, we can get the similar result, and
moreover the following proposition 3.4 can be obtained:
Proposition 3.4 There exist 0 < ε0 < 1, ν ∈ (0, 1), C = C(N,M, p
+, p−) > 1
and A > 1 satisfy ρ0 = ρ, ω0 = ω, ρn = C
−nρ and ωn+1 = max{νωn, Cρ
ε0
n }, n =









ρ −2, n = 1, 2, ...,
we have
Q(n+1) ⊂ Q(n), ess osc
Q(n)
u ≤ ωn.
In view of proposition 3.4, we get
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Proposition 3.5 There exist λ ∈ (0, 1), C = C(N,M, p+, p−) and 0 < ρ˜ ≤ ρ
such that for all boxes Q(aρp
+




















nω + C(Σn−1i=0 ν
iC−ε0(n−i))ρε0 .
We may assume without loss of generality that ε0 is so small that ν ≤ C
−ε0 ,
then ωn ≤ ν
nω + Cn( ρ
Cn
)ε0 . Let 0 < ρ˜ ≤ ρ be fixed, then there exists a
nonnegative integer n such that
C−(n+1)ρ ≤ ρ˜ ≤ C−nρ,
which implies the inequalities



































On the other hand, by (3.3) we get ω > Cρε0 . Thus by the definition of ωn,
ω1 = max{νω,Cρ
ε0} ≤ ω and ω2 = max{νω1, C(C
−1ρ)ε0} ≤ ω, ..., so ωn ≤ ω.
Since Q(aρ˜p
+




u ≤ ωn, so we
conclude proposition 3.5.2
By proposition 3.5, we know u is Ho¨lder continuity in Q(aρ˜p
+
ρ , ρ˜), so for
every point in Q we can obtain such a cylinder as Q(aρ˜p
+
ρ , ρ˜), then by limited
coverage theorem, u is local Ho¨lder continuity in Q, thus we get theorem 1.
Acknowledgments:
This work is supported by the Fundamental Research Funds for the Central
Universities (DL11BB40).
EJQTDE, 2012 No. 4, p. 24
References
[1] E. Acerbi, G. Mingione, Regularity results for stationary electrorheological
fluids, Arch. Ration. Mech. Anal., 164 (2002), 213-259.
[2] E. Acerbi, G. Mingione, Gradient estimates for the p(x)-Laplacian system,
J. Reine Angew. Math., 584(2005), 117-148.
[3] E. Acerbi, G. Mingione, Gradient estimates for a class of parabolic systems,
Duke Math. J., 136(2007), 285-320.
[4] M. Mihaˇilescu, V. Raˇdulescu, On a nonhomogeneous quasilinear eigen-
value problem in Sobolev spaces, Proc. Amer. Math. Soc., 135 (2007), 2929-
2937.
[5] M. Mihaˇilescu, V. Raˇdulescu, A multiplicity result for a nonlinear degen-
erate problem arising in the theory of electrorheological fluids, Proceedings
of the Royal Society A: Mathematical, Physical and Engineering Sciences,
462(2006), 2625-2641.
[6] V. Raˇdulescu, Exponential growth of a solution, Amer. Math. Monthly, 114
(2007), 165-166.
[7] M. Ruzicka, Electrorheological fluids: modeling and mathematical theory
Lecture Notes in Mathematics, 1748. Springer-Verlag, Berlin, 2000.
[8] M. Xu, Y. Z. Chen, Ho¨lder continuity of weak solutions for parabolic equa-
tions with nonstandard growth conditions, Acta Math. Sinica, English Se-
ries, 22(2006), 793-806.
[9] V. V. Zhikov, Averaging of functionals of the calculus of variations and
elasticity theory, Izv. Akad. Nauk SSSR Ser. Mat., 50 (1986), 675-710.
[10] A. Kristaly, V. Radulescu, C. Varga, Variational principles in mathemat-
ical physics, geometry, and economics: Qualitative analysis of nonlinear
equations and unilateral problems, Encyclopedia of Mathematics and its
Applications 136, Cambridge University Press, Cambridge, 2010.
[11] P. Quittner, P. Souplet, Superlinear parabolic problems: Blow-up, global
existence and steady states, Birkha¨user Verlag, Basel, 2007.
[12] Y. Q. Fu, N. Pan, Existence of solutions for nonlinear parabolic problem
with p(x)-growth, J. Math. Anal. Appl., 362(2010), 313-326.
[13] Y. Q. Fu, N. Pan, Local Boundedness of Weak Solutions for Nonlinear
Parabolic Problem with p(x)-Growth J. Ineq. Appl. 2010, Article ID 163296,
16pp.
[14] Y. M. Chen, S. Levine and M. Rao, Variable exponent, linear growth func-
tionals in image restoration, SIMA. J. Appl. Math., 66(2006), 1383-1406.
EJQTDE, 2012 No. 4, p. 25
[15] S. J. Shi, S. T. Chen and Y. W. Wang, Some theorems of convergence
in W 1,x0 L
p(x)(Q) Spaces and their conjugate spaces, Acta Math. Sinica,
Chinese Series, 50(2007), 241-249.
[16] E. Di Benedetto, Degenerate Parabolic Equations, Springer-Verlag, New
York, 1993.
[17] X. L. Fan, D. Zhao, On the spaces Lp(x)(Ω) and Wm,p(x)(Ω) , J. Math.
Anal. Appl., 263(2001), 424-446.
[18] O. Kova´cik, J. Ra´kosnik, On spaces Lp(x) and Wm,p(x), Czech. Math. J.,
41(1991), 592-618.
(Received August 13, 2011)
EJQTDE, 2012 No. 4, p. 26
